Abstract. We present a library autgradalg.lib for the free computer algebra system Singular to compute automorphisms of integral, finitely generated Calgebras that are graded pointedly by a finitely generated abelian group. It implements the algorithms developed in [10] . We apply the algorithms to Mori dream spaces and investigate the automorphism groups of a series of Fano varieties.
Introduction and setting
Consider an integral, finitely generated C-algebra R that is graded by a finitely generated abelian group K, i.e., we have a decomposition
Let the grading to be effective, i.e., the monoid ϑ R ⊆ K of all w ∈ K with R w = {0} generates K as a group, and pointed: this means that we have R 0 = C and the polyhedral cone in K ⊗ Q generated by ϑ R is pointed. We are interested in the automorphism group Aut K (R): it consists of all pairs (ϕ, ψ) such that ϕ : R → R is an automorphism of C-algebras, ψ : K → K is an automorphism of groups and ϕ(R w ) = R ψ(w) holds for all w ∈ K. Note that Aut K (R) not only is an important invariant of the algebra R, the methods to compute it can by applied to compute symmetries of homogenous ideals I. Once given explicitely, the knowledge of the latter largely accelerates further computations involving I, see [11, 5, 14] for examples.
This note presents an implementation autgradalg.lib of the algorithms from [10] to compute Aut K (R). It is written for the free computer algebra system Singular [7] and is available at [13] . In Section 2, we describe the algorithm [10] to compute Aut K (R) and explain our implementation by a series of examples. In Section 3, we apply our implementation to Mori dream spaces. As a result, we determine in Proposition 3.1 information on the automorphism groups of a class of Fano threefolds listed in [3] .
Automorphisms of graded algebras
Let us fix the assumptions on the algebra R for our algorithms. Firstly, we assume the grading group K to be of shape
In particular, k and the list a 1 , . . . , a l ∈ Z >1 encode K. The K-grading is determined by the degree matrix Q = [q 1 , . . . , q r ] which has the q i := deg(T i ) as its columns. Moreover, we expect R to be given explicitly in term of generators and relations:
As one can remove linear equations, it is no restriction to assume that R is minimally presented, i.e., I ⊆ T 1 , . . . , T r 2 holds and the generating set {g 1 , . . . , g s } for I is minimal. From an implementation point of view, it is convenient to impose the following slight restrictions:
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• Let us recall shortly the steps of the algorithm to compute Aut K (R); for details, we refer to [10] . The overall idea is to present Aut K (R) as a stabilizer in the automorphism group Aut K (S) of the K-graded polynomial ring S. In a first step, we will compute a presentation Aut K (S) ⊆ GL(n) for some n ∈ Z ≥1 . The set Ω S := {q 1 , . . . , q r } of generator weights will play a major role. We make use of the following GL(n)-action. 
For the second step, the idea is to determine equations cutting out those matrices in GL(n) that permute the homogeneous components S w of same dimension where w ∈ Ω S . As Ω S must be fixed by each automorphism, it suffices to consider the finite set • Determine Ω S = {w 1 , . . . , w s }. Compute a basis B as in Construction 2.2.
• Define the polynomial ring
Remark 2.4.
(i) Note that the third step of Algorithm 2.3 is a finite one, see [10, Definition 3.4(i) ] for the precise definition.
(ii) The ring S ′ in Algorithm 2.3 is K-graded by defining deg(Y ij ) as the degree of the i-the element of B. The result, origs, is a list of four integral matrices (intmats) standing for the automorphisms of the generator weights
Note that Aut(Ω R ) is isomorphic to the symmetry group Z/2Z × Z/2Z of a 2-dimensional rhombus. We now compute Aut K (S) with the command Moreover, an ideal Iexported, called J in in Algorithm 2.3, is being exported that is the product over all the ideals J B where B runs through Aut(Ω R ). This means Aut K (S) ∼ = S ′ /J is isomorphic to Sprime modulo Iexported; the degree matrix of Sprime can be obtained via getVariableWeights().
We come to Aut K (R). Restricting the group action of Construction 2.2 to Aut K (S) ⊆ GL(n), we have an algebraic subgroup given as stabilizer
Provided I w = {0} holds for all w ∈ Ω S , in [10] the authors have shown that we have an isomorphism Stab I (Aut K (S)) ∼ = Aut K (R). The final step then is the following. Define the set Ω I := {deg(g 1 ), . . . , deg(g s )} of ideal generator degrees. The idea is to compute (linear) equations ensureing that the vector spaces I u , where u ∈ Ω I , are mapped to one-another. K (R) ). See [10, Algorithm 3.8] . Input: the Kgraded polynomial ring S and the defining ideal I ⊆ S of R.
Algorithm 2.6 (Computing Aut
• 
Output:
Remark 2.7.
(i) Algorithms 2.6 and 2.3 do not make use of Gröbner basis computations. However, in Singular, it usually is quicker to compute The resulting ring Sres is identical to Sprime. A list stabExported is being exported; the interpretation of the entries is identical to that of the list listAutKS from Example 2.5 with the difference, that the ideal part now contains additional equations describing the stabilizer: for example
Moreover, an ideal Jexported is being exported that is the product over all J B as before. Then Sres modulo Jexported is isomorphic to Aut K (R). The grading is obtained as before with getVariableWeights().
Application: Mori Dream Spaces
In this section, we shortly recall from [10] how the algorithms from the last section can can be applied to a class of varieties in algebraic geometry.
To a normal algebraic variety X over C with finitely generated class group Cl(X) one can assign a Cl(X)-graded C-algebra, its so-called Cox ring
see e.g. [1] for details on this theory. If X is finitely generated, X is called a Mori dream space. For example, each toric variety or each smooth Fano variety is a Mori dream space [6, 4] . The Cox ring has strong implications on the underlying Mori dream space. More precisely, X can be recovered as a good quotient
of an open subset X by the characteristic quasitorus H := Spec (C[K] ). In fact, X is determined by an ample class w ∈ Cl(X). This opens up a computer algebra based approach [9, 12] to Mori dream spaces. In [2] , it has been shown that (2) translates to automorphisms of X as follows:
Here, by Aut H (Y ) we mean the group of H-equivariant automorphisms of Y ; these are pairs (ϕ, ψ) with ϕ : Y → Y being an automorphism of varieties and ψ : H → H an automorphism of affine algebraic groups such that ϕ(h · y) = ψ(h) · y holds for all h ∈ H and y ∈ Y . By (3), we directly can compute Aut H (X) with Algorithm 2.6. In the next proposition, we investigate the symmetries of the list of Fano varieties [3] . (i) For all 1 ≤ i ≤ 41, Algorithm 2.6 is able to compute a presentation of (Aut(X) ). Both algorithms are also implemented in our library. However, the case O(Aut(X)) involves a Hilbert basis computation that usually renders the computation infeasible. We therefore finish this note with an example. Then a list RES will be exported; it is identical to the list stabExported from Example 2.8 with the difference, that it contains only the element stabExported [1] as the other matrices B do not fix λ(w). The computation of generators for O(Aut(X)) is not feasible here; in priciple, the command is autX(I, w, TOR).
